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ABSTRACT: Viscosity p and first normal stress N1 have been measured as functions of shear rate ’i for solutions of 
linear, four-arm star, and six-arm star polyisoprenes, all with narrow molecular weight distributions. Concentra- 
tions in tetradecane ranged from 0.02 g/ml to 0.33 g/ml; molecular weights ranged from 35 000 to 2 000 000. All 
measurements were made a t  25 O C  in a Weissenberg Rheogoniometer. The effects of branching on zero shear vis- 
cosity 70, steady state compliance Jeo, the characteristic shear rate (marking the onset of shear rate dependence in 
p )  40, and the shape of the p vs. i. master curve were determined. At low concentrations and molecular weights the 
values of 90 and Jeo were lower for the branched samples, while at high concentrations and molecular weights the 
reverse became true and substantial enhancements in ~0 and Jeo were found. On the other hand, the product 
pOJeo+o was essentially the same for all samples irrespective of concentration, molecular weight, or branching, and 
the form of 1 he master curve appeared to be independent of branching. Enhancement factors were determined and 
compared with results reported by Kraus and Gruver on star-branched polybutadienes. Data on viscosity enhance- 
ment for the two polymers reduced to essentially the same curve when correlated in terms of @5’6(@Mb/M,), @ 
being the volume fraction of polymer, Mb the molecular weight of the branches, and M ,  the characteristic molecu- 
lar weight for entanglement in the respective undiluted linear polymers. The form of this correlating parameter was 
arrived a t  by considerations on the effect of long branches on macromolecular mobility in entangling systems. The 
interpretation of enhancement in p o  and Je0 in relation to the spectrum of relaxation times and their practical ef- 
fects on p vs 4 behavior are discussed. 

I. Introduction 
The flow properties of polymers are altered by branching 

in important and unexpected ways.2-8 Quantitative infor- 
mation on the relationship between branch structure and 
behavior is still scanty, however, and molecular explana- 
tions for the observations are almost totally lacking. This 
paper presents some results obtained in steady shearing 
flow on star-branched polyisoprenes, all of narrow molecu- 
lar weight distribution and all well characterized by dilu- 
tion solution  method^.^ It  also contains some preliminary 
attempts to unify the observations with those published for 
other branched polymers. 

Three series of polyisoprene samples were studied: linear 
molecules, star molecules with four equal arms, and stars 
with six equal arms. Solutions in tetradecane encompassing 
a range of polymer concentration c and molecular weight 
M were prepared with each series. Shear stress u and first 
normal stress difference N1 were measured a t  25.5 OC as 
functions of shear rate i. in a plate-cone rheometer. Values 
of the viscosity at  zero shear rate 70, the steady state recov- 
erable compliance Je0 (estimated from N1 at low shear 
rates), and the characteristic shear rate i.0 (locating the 

onset of shear rate dependence in the viscosity) were deter- 
mined and correlated with structure. 

11. Theoretical Background 

A. Zero Shear Viscosity. The effects of branching are 
best established for the case of the zero shear viscosity 70. 
When the branches are not too long or when the polymer 
concentration is sufficiently low, 70 is less than that for lin- 
ear chains of the same total molecular weight, presumably 
due to the smaller mean radius of gyration S of branched 
molecules. On the other hand, for long branches a t  high 
polymer concentrations the viscosity becomes larger in 
branched systems. 

Berry and Fox2* discuss the viscosity behavior relative to 
linear systems in terms of two factors. One governs the re- 
duction, which is assumed to depend only on the ratio of 
radii and to operate at  all concentrations and branch 
lengths. The other governs enhancement and becomes im- 
portant, then dominating, at high concentrations and 
branch lengths. They note that, when the reduction factor 
alone is acting, the viscosity of branched polymers is ap- 
proximately the same as for linear polymers of the same ra- 
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dius of gyration. Thus, the molecular weight dependence of 
viscosity can in principle be expressed as the same function 
of S ,  or some property which depends on S ,  for both linear 
and branched chains. 

90 = vo(S, C, T, . . . I  (1) 

The viscosity enhancement factor rl is then defined in 
terms of the observed viscosity 

rl = (9O)obsd/(90)calcd (2) 

in which (9O)calcd is obtained from eq 1 or its equivalent. 
Experimental evaluation of the enhancement factor rl 
therefore requires the establishment of a viscosity correla- 
tion for linear chains and the application of some relation- 
ship for obtaining values of (9O)calcd which appropriately re- 
flects the smaller radius of branched chains. 

The molecular weight dependence of viscosity in linear 
polymers depends upon the range of concentrations cov- 
ered.'O The solutions used in the present study range from 
c = 0.03 g/ml to c = 0.33 g/ml and thus extend into both 
the low and high concentration regimes. At low and moder- 
ate concentrations, 90 for linear polymer systems can be ex- 
pressed, a t  least approximately, in terms of a combined di- 
mensionless variable c[v]. The intrinsic viscosity [9] is that 
measured in the solvent used to make the solutions. 

90 = F(c[q]) (90 >> solvent viscosity a) (3) 

The product c[?] is a measure of the average number of 
polymer molecules whose centers lie within the pervaded 
volume of any selected molecule in the system. To the ex- 
tent that coil overlap alone governs viscosity in the absence 
of enhancement, branched polymers might be expected to 
obey the same 90 vs. c [9] correlation as linear polymers. 

At high concentrations and molecular weights the viscos- 
ity of linear polymers a t  constant temperature is usually 
correlated in terms of the combined parameter cM and a 
concentration-dependent friction coefficient { o ( c ) : ~ ~ J O J ~  

(4) 

The exponent a is approximately 3.5 when cM exceeds a 
characteristic value pMc. The characteristic molecular 
weight Mc is 10 000 for polyisoprene,1° and the polymer 
density p is 0.913 g/ml a t  25 OC.12 For most solutions in this 
study cM > lo4, so the above form would be expected to 
apply. Guided by molecular theories of viscosity in free- 
draining systems,13J4 Berry and Fox have recast this ex- 
pression in terms of molecular radius, such that 

( 5 )  

and Ss2 is the unperturbed mean-square radius for either 
linear or branched chains. In the absence of enhancement, 
the equation governing both linear and branched polymers 
can thus be expressed 

90 = K~lob(c)(cgM)" (6) 

in which g is the ratio SB'/SL~ for branched and linear 
chains of the same molecular weight. Alternatively, 

if the approximate Zimm-Kilb relati~nship: '~ 

( 7 )  

and the relationship for linear random coils in theta sol- 
vents, [ o ] ~  o: M112, are applied. 

Equations 3, 6, and 7 will be used to evaluate enhance- 
ment factors for the star-branched polymers in this work. 
The theoretical expression for g in random coil, equal arm, 

f -star molecules id3 

g = (3f - 2)/f2 (9) 
B. Steady-State Recoverable Compliance. Experience 

with branched polymers is much more limited in the case of 
recoverable compliance Jeo. The Rouse theory,16 as extend- 
ed by Ham13 to the case of f-arm star molecules, yields 

(10) 

in which 

g2 = (15f - 14)/(3f - 2)2 (11) 

This and similar calculations for other types of branched 
structures predict compliances which are less than those 
for linear polymers of the same molecular weight. Experi- 
mental behavior near the limit of zero c~ncent ra t ion l~  as 
well as some data at  higher concentrations6,s are consistent 
with such calculations, but other results in concentrated 
solutions and melts show compliances in branched poly- 
mers which are higher than corresponding linear polymers 
by a factor of 10 or m ~ r e . ~ . ~  

Data on several linear polymers of narrow molecular 
weight distribution have been correlated1° according to the 
following approximate form (for 90 >> lis): 

M 
cR T 

Jeo = a - CM < pMc' 

(13) 
Jeo=a-(-) M pMc' cM>pM,' 

cRT cM 
in which a is a constant approximately equal to the Rouse 
theory value of 0.4, and M,' is a characteristic molecular 
weight with a value of approximately 60 000 for linear poly- 
isoprene.1° 

It  is not clear how to modify these equations to reflect 
the reduction of compliance due to branching a t  low con- 
centrations and branch lengths, and thus provide a means 
for calculating an enhancement factor for compliance r2 
from experimental data at  high concentrations. One possi- 
ble procedure, somewhat arbitrary but analogous to the 
analysis of viscosity enhancement, is to estimate the com- 
pliance in the absence of enhancement from 

cgM < pM,' 
M 

cRT 
Jeo = 0.4g2 - 

(15) 
g2M PMC Jeo = 0.4 - (-) cgM> pM,' cRT cgM 

The compliance factor is then given by 

rz = (Jeo)obsd/(Jeo)calcd (16) 

in which (Jeo)calcd is obtained from eq 14 and 15 (or their 
equivalent if some other behavior were found for linear 
polymers). Unless gz can be evaluated independently, theo- 
retical expressions such as eq 11 must be used. 

C. Characteristic Shear Rate. The shear rate depen- 
dence of viscosity can be expressed in reduced formlo 

9/90 = V(i./i.O) (17) 

The form of the master function V in concentrated systems 
of linear polymers depends principally on molecular weight 
distribution. The characteristic shear rate i.0 locates the 
onset of shear rate dependence in ~(i.), and can be chosen 
in a number of roughly equivalent ways. Several years ago 
Leadermads noted that l l j . 0  was proportional to a product 
of linear viscoelastic parameters, 9oJeo, the precise value of 
the proportionality constant depending on how i.0 was de- 
fined. If 90 is taken as the shear rate a t  which 9 has fallen 
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Table I 
Summarv of Molecular Characterization Data 

______ [ V I  1 dug 
Dioxane Toluene Tetradecane 

Sample ii;i, x XTw x (34 "C) (34 "C) (25.5 " C ) a  

H5P 
H2P 
P1 
S8P 
P5 
P3 
P4 
P2 
s 4  
s 7  
s 2  
s1 
53 
S8 
S6 
H7 
H6 
H5 
H1 
H2 
H4 
H3 

19.9 
78 

105 
209 
358 

35.2 
66.9 

101.2 
195 
432 

43.6 
83.5 

117 
223, 
462 

25.7 
8 3  

115 
240 
394 
591 

1611 
2225 

37.8 
67.1 

107.6 
21 5 
44 9 
880 

1950 
45.4 
85.7 

122 
226 
47 8 
870 

1446 

0.197 
0.374 
0.448 
0.630 
0.835 
1.02 
1.70 
1.97 
0.193 
0.266 
0.326 
0.476 
0.677 
0.945 
1.47 
0.177 
0.242 
0.288 
0.393 
0.565 
0.765 
0.995 

0.312 
0.766 
0.969 
1.66 
2.35 
3.21 
6.90 
8.48 
0.316 
0.477 
0.665 
1.112 
1.855 
3.27 
5.70 
0.294 
0.450 
0.588 
0.915 
1.60 
2.56 
3.81 

0.223 
0.489 
0.602 
0.967 
1.395 
1.845 

(3.65) 
(4.55) 
(0.214) 
(0.312) 
(0.437) 
(0.69) 
(1.13) 
(1.80) 
(3.08) 
(0.194) 
(0.298) 
(0.380) 
(0.570) 
(0.955) 
(1.425) 
(2.02) 

a Values of intrinsic! viscosity in tetradecane were measured on several samples. The values in parentheses were calculated 
as described in the text. 

to 0.870, the data on several linear, narrow distribution 
polymers over a very wide range of concentrations, temper- 
atures, and molecular weights can be expressed aslo 

+oqoJeo = 0.6 f 0.2 (70 >> 7s) (18) 

Since only rheological parameters appear, one might an- 
ticipate that the same value for this dimensionless group 
would apply to branched polymers also. If so, enhanced 
values of both Je0 and 70 should produce an unusually early 
onset of shear rate dependence in branched polymers. Such 
behavior has been observedIg but quantitative tests of eq 
18 for branched polymers have not been reported. 

Procedures. Molecular characteristics of the samples 
used in this studyg are given in Table I. In addition, values 
of [7]  in tetradecane were measured for several of the linear 
samples. Values listed for the remaining polymers are in- 
terpolations based on earlier reported data in other sol- 
vents. 

Solutions of approximately 40 wt % polymer were pre- 
pared by combining weighed amounts of polymer and tet- 
radecane (Phillips pure grade, bp 254 "C, ps = 0.753 g/ml, 
and vS = 0.0206 P at 25.5 "C) containing 0.02% ionol with 
an  excess of pentane (Fisher practical grade, bp 33-36 "C) 
a t  room temperature. With periodic stirring a uniform so- 
lution was obtained after l day. The pentane was then 
evaporated a t  room temperature for 3 or 4 days, and the re- 
mainder stripped off under vacuum. Final concentrations 
in tetradecane were converted to grams per milliliter at 25 
"C using densities of the pure components and an assumed 
additivity of volumes. Samples of lower concentration were 
made by dilution. Comparison of GPC traces before and 
after dissolution, and also after the subsequent rheological 
studies, showed no change in the molecular structure of the 
polymer. Preliminary studies had shown that heating to 70 
"C under vacuum to hasten removal of pentane did indeed 
produce changes in the GPC trace. The samples used here 
were never heated above 30 "C. 

Rheological measurements were made at 25.5 "C in a 
Weissenberg Rheogoniometer (Model R-16), modified by 

P I P -  TD 
255  'C 

I 0' I 

i 
i 

10 ' c P ,  , , ,  , 
IO0 IO '  I o2 I o3 

7 ~ SeE- '  

Figure 1. Shear stress and first normal stress data for 10% solu- 
tions of polyisoprene. Shear stress is indicated by small circles in 
each case. Normal stress is indicated by large symbols: linear P410 
(01, four-arm star S610 (o), and six-arm star H310 (0). 

replacing the normal force spring and transducer by a rig- 
idly mounted piezo-electric (quartz) crystal and charge am- 
plifier. Occasionally the torque was measured by a similar 
device, but usually the conventional torsion bar system was 
used. The crystals and torsion bars (D = 3/4 and in.) were 
calibrated statically over the entire range of normal thrusts 
and torques used in this study. Nearly all measurements 
were made with a 2" gap angle and 5-cm diameter cone. For 
the most viscous samples however, a 4' gap angle and 2.5- 
cm diameter cone was used. Readings were converted to 
shear stress u, first normal stress difference N1, and shear 
rate + with the standard equations for the plate-cone ge- 
ometry. Examples of data obtained are shown in Figures 

Measurements of molecular weight dependence were 
made at a concentration of 0.33 g/ml for linear, four-star, 
and six-star samples. Measurements of concentration de- 

1-5. 
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Figure 2. Viscosity 7 and normal stress compliance J ,  as functions 
of shear rate for 10% polyisoprene solutions. Symbols have the 
same meaning as in Figure 1. . Pa10 k 

t 

1 

I 0' 
lo-( 

Y , 9ec-I 

Figure 3. Viscosity vs. shear rate behavior for solutions of various 
polyisoprenes. 

pendence were made for one high molecular weight sample 
from each group by successive dilution from c = 0.33 g/ml 
to approximately c = 0.02 g/ml. In all samples but one 
(S640) it was possible to reach the Newtonian region at  low 
shear rates and thus to determine 10. The upper limit of 
shear rate for each sample was set as usual by the develop- 
ment of a flow instability with consequent exudation of 
sample from the plate-cone gap. The presence of the insta- 
bility became evident visually through the development of 
irregularities at  the gap edge and also by a slow downward 
drift of the shear stress reading. As in earlier studies with 
other polymers,20-22 the appearance of the instability cor- 
responds in a rough way to the onset of shear rate depen- 
dence in the viscosity, with more or less systematic varia- 
tions with molecular weight and concentration. The behav- 
ior was such that a reasonable penetration into the shear- 
dependent region was possible for high molecular weight 
polymers a t  low to moderate concentrations, while practi- 
cally no penetration was possible for low molecular weight 
samples at  high concentrations. No special difference in 
this regard was noted between linear and branched sam- 
ples. 

The characteristic shear rate i.0 was chosen as the shear 
rate at  which the viscosity has fallen to 80% of its zero 
shear value (7/70 = 0.8 a t  90). The shape of the 7-i. curve in 
the onset region agreed fairly well in most cases with a the- 

1 6 ~ ~  , , , , , , , , , , , , , , , , 

I d6 
lo-2 lo-' IO IO1 10' I o3 

Figure 4. Normal stress compliance J ,  vs. shear rate for linear 
polyisoprene at several concentrations. The sample is P4 (fi, = 
1 611 000); the last two digits in the code indicate the approximate 
weight percentage of polymer in each solution. 

Y , 5eC-I 

10-3r ' ' ' ' " ' 

i 

t i 

-1 

IOi 
- j  

10 to-' lo-( I O0 
7 

Figure 6. Viscosity-shear rate master curve for linear polyiso- 
prene sample P4 (a, = 1.611 X lo6). Data at all concentrations 
have been shifted to produce best superposition with P425 ( c  = 
0.200 g/ml). The solid line is a theoretical master curve for mono- 
disperse p0lymers,2~ shifted to produce the best superposition. 

oretical master curve for monodisperse polymers23 (Figure 
6-8). For consistency, and to smooth out experimental 
scatter, the data were superimposed on the master curve 
and values of 90 were read off as those corresponding to 
7/70 = 0.8 on the master curve. In a few cases, where the 
shape did not agree with the master curve, primarily the 
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1 03'-- IO-' lo-2 I dl 1 oo 1 ON 

Figure 7. Viscosity-shearjate master curve for four-arm branched 
polyisoprene sample S6 (M, = 1.95 X lo6). Data a t  all concentra- 
tions have been shifted to produce best superposition with S625 (c 
= 0.198 g/ml). The solid line is the theoretical curve in Figure 6. 

Y 

16' lo-' IO0 10' I o2 

Figure 8. Viscosity-shear rate master curve for six-arm branched 
polyisoprene sample H3 (2, = 1.446 X lo6). Data a t  all concentra- 
tions have been shifted to produce best superposition with H325 (c 
= 0.203 g/ml). The solid line is the theoretical curve in Figure 6. 

Y 

data on sample S6 at  various concentrations, visual fits 
above and below the onset region were used to fix 40. 
Values of 90 obtained by these procedures are directly com- 
parable with those used to obtain eq 18 for linear narrow 
distribution polymem.l0 

The normal stress difference became measurable only for 
shear rates approaching 90 and beyond. Thus only a small 
region was available in which the limiting behavior, N 1  a 
q2, was observed. For simple fluids, 

or 

The quantity J,(+) I= NJ2a2  was found to vary only slowly 
with shear rate (Figures 2, 4, and 5). Values of Jeo were es- 
timated for each sample from J,(+) a t  low shear rates. 
Here, for reasons that are presently unclear, the behavior 
of branched samples differed appreciably from the linear 
samples in being seemingly more subject to experimental 
scatter. Duplicate runs agreed fairly well but always with 
more uncertainty in the branched samples. 

Early development of the flow instability prevented a de- 
termination of N1 in some low molecular weight samples. 

Io5t  

P 

1 I 

Figure 9. Zero-shear viscosity vs. molecular weight for linear and 
branched polyisoprenes a t  comparable concentration. The concen- 
tration in all cases is approximately 0.33 g/ml (see Table 11): linear 
polymers (01, four-arm stars (01, and six-arm stars (0) are repre- 
sented. 

I 'OI o6 

I o5 I 

I I 0 l  0" 

4 

I 1 
002 004 01 0 2  04 06 

c , g / m l  

Figure 10. Zero-shear viscosity vs. concentration for linear and 
branched polyisoprenes of comparable molecular weight. The lin- 
ear polymer (0) is sample P4 (aw = 1611 000); the four-arm star 
(0) is S6 (a, = 1950 000); the 6-arm star ( ) is H3 (aw = 
1 446 000). 

The long time to reach steady state was a troublesome 
problem in the high molecular weight samples a t  high con- 
centration. In the most extreme cases, the achievement of 
steady state in N1 required 15 min at low shear rates. No 
difficulties with solvent evaporation or other changes in the 
samples occurred over the time span of the experiments, or 
even overnight a t  25 "C. Indeed, even data obtained a few 
months apart with different aliquots of the same solution 
agreed very well. 

Values of 70, Jeo, and 90 for each solution are given in 
Table 11. 

111. Results 
A. Zero-Shear Viscosity 90. Figures 9 and 10 compare 

the molecular weight and concentration dependence of 70 



132 Graessley et al. Macromolecules 

Table I1 
Summary of Rheological Parameters 

Sample Ziw x c, g/cm3 % , P  J e o ,  cm2/dyn 7 0 ,  s- '  

H5P40 
H2P40 
P140 
S8P40 
P540 
P340 
P440 
P4 32 
P42 5 
P420 
P415 
P412 
P410 
P408 
P40 6 
P405 
P404 
P240 
P215 
S440 
S740 
S240 
S140 
S340 
S840 
9640 
S632 
S625 
S620 
S615 
S612 
S610 
S608 
S606 
S605 
S604 
H740 
H640 
H540 
H140 
H240 
H440 
H340 
H332 
H325 
H320 
H315 
H312 
H310 
H308 
H306 
H305 

25.7 
83.0 

115 
240 
394 
591 

1611 

2225 

37.8 
67.1 

107.6 
215 
449 
880 

1950 

45.4 
85.7 

122 
226 
478 
870 

1446 

0.326 
0.328 
0.327 
0.329 
0.328 
0.336 
0.331 
0.257 
0.200 
0.151 
0.120 
0.0979 
0.0742 
0.0586 
0.0484 
0.0403 
0.0290 
0.328 
0.152 
0.326 
0.329 
0.337 
0.330 
0.332 
0.326 
0.326 
0.257 
0.198 
0.158 
0.119 
0.0967 
0.0773 
0.0587 
0.0449 
0.0394 
0.0291 
0.324 
0.325 
0.335 
0.340 
0.327 
0.330 
0.329 
0.262 
0.203 
0.161 
0.118 
0.0951 
0.0788 
0.0579 
0.0456 
0.0377 

2.33 X 10' 
5.05 X 10' 
1.55 x l o 2  
2.06 x 103 
1.25 x 104 
6.0 x 104 

4.70 x 105 
1.35 X l o 6  
1.43 
4.45 x 10' 
1.21 
3.82 x 103 
1.12 
3.14 x l o 2  
1.08 
4.65 x 10' 
1.19 
5.8 x l o 6  
3.00 x 10' 
2.07 X 10' 
6.9 
2.30 X 10' 
1.85 X l o 2  

1.25 X l o 5  
2.50 X l o 6  

3.6 x 103 

(3.8 x 10')a 

2.14 x 105 
2.89 x 104 
3.78 x 103 
1.21 
2.90 x l o 2  
7.3 x 10' 
2.22 
1.23 
4.2 X 10' 
1.73 
5.42 
1.35 x 10' 
8.1 
9.7 x 10' 
1.76 x 104 
4.70 x 105 
5.9 x 104 
8.3 x 103 
1.67 
2.87 X 10' 
8.7 X 10'  
3.55 
1.18 
4.25 X 10' 
2.33 

3.7 x 
4.2 
6.3 
4.6 
5.2 
5.0 
8.0 
1.5 x 
2.97 
5.2 
8.0 
1.60 x 
1.90 
3.55 
4.40 
5.5 
4.7 x 
6.2 x 10-5 

2.8 x 
8.0 
9 .o 
1.72 
4.0 
6.3 
8.2 
9.5 
9.6 

1.61 
2.20 
2.60 
2.8 

1.46 x 10-5 

1.17 x 10-4 

3.0 x 
3.8 
7.6 

1.60 
2.75 
3.9 
4.65 
5.2 
8.0 

1.20 x 10-5 

1.00 x 10-4 
9.8 x 10-5 
1-03 x 10-4 

1.57 x 103 

4.8 x 10' 
8.8 x 10' 
2.2 x l o o  
6.1 x 
1.15 x lo-' 
1.79 
4 .O 
8.4 
1.63 X l o o  
3.25 
6.4 
1.35 X 10' 
2.27 
7.5 
1.63 x 
2.7 x lo- '  

6.4 X l o 2  

2.37 X 10' 
1.70 x 10' 
2.20 x l o - '  

(4.4 x 10-')0 
5.1 x 10-3 
3.85 x 
2.57 x lo-' 
1.90 x 100 
4.5 x l o o  
1.22 x 10' 
3.35 x 10'  
7.5 x 10' 
1.22 x 102 
3.2 X 10' 

9.0 x l o 2  
6.3 X 10 '  
2.1 x l o o  
5.5 x 10-2 
3.35 x l o - '  
1.75 X 10' 
8.0 X 10' 
3.0 X 10' 
7.8 
1.50 X l o 2  
2.9 
6.4 
9.5 

a Separate values of qo and 7, for S640 are somewhat uncertain because an unambiguous entry into the limiting region at 
low shear rates could not be made, However, the product 'f,,v0 is less uncertain because the errors in r),, and To are compen- 
satory. 

for the three types of polymer structure. At high concentra- 
tion but low molecular weight the viscosities of the 
branched samples are considerably less than those of linear 
samples of the same molecular weight. At high molecular 
weights the reverse becomes true, with branched polymers 
tending to show enhanced viscosities. However, as the con- 
centration is reduced the enhancement disappears even at  
high molecular weights, and the viscosities of branched 
samples are again considerably less than those of corre- 
sponding linear samples. These results are qualitatively 
consistent with the observations of Kraus and Gruver on 
three-star and four-star p01ybutadienes~~J~ and with the 
suggestions of those workers and Berry and that the 
enhancement factor rl is highly sensitive to both concen- 
tration and branch length. 

Data on the linear polymer solutions obey the empirical 

relationship: 

70 = 0.86 X 1 0 - " ~ ~ 5 M ~ . ~  (21) 

except a t  low molecular weights (Figure 11). 
The intrinsic viscosity in tetradecane, [q]TD, is propor- 

tional to M0.67g, and within experimental error the linear 
polymer correlation can just as well be expressed as (Figure 
12): 

(22) 

Thus, although cM > pM, for practically all solutions in- 
vestigated, there is no reason on the basis of the data pre- 
sented here to prefer the high concentration form (eq 21) 
than the low to moderate concentration form (eq 22) for 
evaluation of enhancement factor. 

70 = 6.3 x 105(C[7]TD)5 
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Figure 11. Comparison of zero-shear viscosity in linear -and 
branched polyisoprenes through the reducing parameter cM,g. 
The symbols indicate various concentrations of S6 (71, the re- 
maining four-arm stars a t  approximately c = 0.33 g/ml (O), various 
concentrations of H3 (q), and the remaining six-arm stars a t  ap- 
proximately c = 0.33 g/ml (0). Data for the linear samples are in- 
dicated by small filled circles (0).  

According to the earlier discussion, it might be hoped to 
reduce both branched and linear polymer data to the same 
correlating form in the absence of enhancement. Equation 
22 is already a candidate for the unified correlation. Equa- 
tion 21, from the standpoint of high concentration theory, 
reflects fully entangled behavior with a = 3.5 and a fric- 
tional coefficient proportional to c1 5 .  Accordingly, 

(23) 

is also a candidate for a unified correlation in the absence 
of enhancement. Finally, with g replaced by ( [ 7 7 ] ~ ) ~ ~ / (  [ 7 7 ] ~ ) ~ ~  
(eq 8) and M expressed in terms of ([77]~)~, eq 23 becomes 

= 1.20 x 1 0 v  qc [,,lS*)3 5 (24) 

presenting a third possibility for unified correlation. 
Figures 11-13 show 70 for the branched polymers plotted 

according to eq 22, 23, and 24. The g values used in Figure 
11 are theoretical ones (g(4) = 5/8 ,  g(6) = %), calculated 
from eq 9, but experimental values based on light scatter- 
ing in a theta solventg (g(4) = 0.65, g(6) = 0.46)) g' ive essen- 
tially the same correlation. 

The lines indicate the locus of the linear polymer data in 
each case. It is clear that all three bring the branched and 
linear data fairly close together except at high concentra- 
tions and molecular weights. I t  is interesting that the 
C[?]TD correlation yields virtually a single curve for all 
branched polymer solutions, even in the enhancement re- 
gion. However, the curve for branched polymers is some- 
what below the linear curve a t  midrange. Superposition at  
midrange and below can only be achieved by arbitrarily re- 
ducing all values of [ 7 7 ] ~ ~  for the branched polymers by ap- 
proximately 12%. 

770 = 0.86 x 10-13c1 5 ( C g ~ ) 3  5 

A- I 
6 8 IO 20 40 60 80 lo0 

c [?I,, 
Figure 12. Comparison of zero-shear viscosity in linear and 
branched polyisoprenes through the reducing parameter c [?]TD. 
The symbols are the same as in Figure 11. 

I I 

Figure 13. Comparison of zero-shear viscosity in linear and 
branched polyisoprenes through the reducing parameter c [ q ] ~ ~ .  
The symbols are the same as in Figure 11; the intrinsic viscosities 
are those measured in dioxane a t  34 "C. 

The correlations using the cgM and c [ 7 7 ] ~ *  variables give 
closer agreement between the branched and linear poly- 
mers at  midrange and below. The enhancements here vary 
in different ways with concentration, molecular weight, and 
numbers of branches. Unification at  midrange and below 
was comparable for both variables, so ratios (?&bsd/ 
(?)O)c&d were evaluated for each branched sample (c > 0.07 
g/ml) using (7O)calcd both from eq 23 and from eq 24. The 
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Table I11 
Summary of Enhancement Factors 

r 1 a  r 2  rsc 

Sample iViw x m3 c, g/cm3 Eq 23 Eq 24 Eq 28 Eq 15 Eq 34 @ 5 ' 6 ( @ M b / M C )  

S240 107.6 0.337 (1.00) (1.40) 1.18 0.77 0.437 
S140 21 5 0.330 1.01 0.98 2.29 2.11 2.51 0.842 
S340 449 0.332 1.44 1.67 2.62 2.40 1.83 1.77 
S840 88 0 0.326 5.26 6.55 4.06 3.75 3.92 3.35 
S640 1950 0.326 (98.5) (98.7) 4.79 4.42 6.25 7.44 
S632 0.257 21.1 20.9 6.44 6.39 5.28 4.81 
S625 0.198 6.80 6.40 5.58 5.97 4.82 2.97 
5620 0.158 2.78 2.61 4.32 4.94 3.42 1.97 
S615 0.119 1.49 1.37 2.60 3.25 2.00 1.17 
S612 0.0967 1.35 1.22 1.63 2.16 1.75 0.800 
S610 0.0767 1 .oo 0.90 1.19 1.69 1.72 0.523 
S608 0.0587 1 .oo 0.88 1.43 0.320 
H540 122 0.335 (1.00) (1.33) 1.71 0.89 0.325 
H140 226 0.340 1.00 0.90 1.28 1.16 1.77 0.621 
H240 478 0.327 1.13 1.10 2.34 2.15 1.95 1.22 
H440 870 0.330 2.39 2.44 3.79 3.46 3.30 2.26 
H340 1446 0.329 11.0 11.1 5.02 4.60 4.68 3.73 
H332 0.262 4.25 4.24 5.10 4.92 3.89 2.46 
H325 0.203 2.15 2.08 4.02 4.24 3.18 1.54 
H320 0.161 1.38 1.31 2.82 3.20 2.18 1.01 
H315 0.118 1 .oo 1.03 1.53 1.92 1.80 0.570 
H312 0.0951 (1 .OO) (0.88) 1.44 1.92 1.42 0.384 
H310 0.0788 (1.00) (0.92) 1.17 1.64 1.31 0.272 
H308 0.0579 (1 .OO) 1.10 

a Equation numbers refer to source of (q,),,lcd. b Equation numbers refer to source of ( Jeo )ca l cd .  C Equation number re- 
fers to source of ( l / q , , ~ , , ) ~ ~ l , d .  

ratios evaluated with eq 23 leveled off smoothly to values of 
approximately 0.61 at midrange and below for both four- 
arm and six-arm stars. The values of rl from eq 23 (Table 
111) were therefore calculated by dividing each ratio by 
0.61. The ratios evaluated with eq 24 leveled off smoothly 
to  approximately 0.66 at midrange and below for the four- 
arm stars and to approximately 1.0 for the six-arm stars. 
The values of rl from eq 24 (Table 111) were therefore cal- 
culated by dividing the four-star ratios by 0.65; the six-arm 
ratios were used without modification. The values of rl 
yielded by the two methods are seen to be rather similar. 

B. Steady Sta te  Compliance Je0. Figure 14 shows Jeo 
for the linear samples plotted in the form suggested by eq 
12 and 13, namely Jeo(cRT/M)  as a function of the product 
cM. Also included are results published by other workers 
for linear polyisoprene solutions and  melt^.^^-^^ For un- 
known reasons, the latter data lie consistently above those 
reported here. Differences in polydispersity, differences in 
microstructure (the earlier samples have somewhat higher 
cis-l,4 contents than ours), or differences due to systematic 
errors in the techniques used to obtain Jeo may be in- 
volved. 

Even the data reported here do not conform precisely to 
a single curve, contrary to the form indicated by eq 12 and 
13. Values of Jeo a t  constant concentration ( c  = 0.33 g/ml) 
are essentially independent of molecular weight as required 
by eq 13, but the concentration dependence appears to be 
more complicated. Figure 15 shows the concentration de- 
pendence of Jeo for two linear samples. A line correspond- 
ing to c - ~  dependence (from eq 13) has been drawn 
through the values a t  high concentration (c > 0.25 g/ml). 
Data on both samples at lower concentrations clearly lie 
above this line. A line simply drawn through all data for 
which c > 0.07 g/ml yields Jeo 0: c - ~ , ~ .  Judged by the ap- 
pearance of Figure 15 (and data on 90 to be discussed sub- 
sequently) we believe that Jeo 0: is the form ap- 
proached at  high concentrations. 

Based on this inverse square relationship and the com- 
pliance values of all linear samples at a concentration of 

0.33 g/ml (average Jeo = 4.8 X cm2/dyn), we can esti- 
mate the compliance at  the limit of high molecular weight 
for undiluted linear polyisoprene of narrow molecular 
weight distribution: 

C 2  

P2 
(Jeo)m = -Je0 (c )  = 0.63 X cm2/dyn (25) 

The characteristic molecular weight M,', obtained using eq 
13 with CY = 0.4 and the average value of Jeo a t  c = 0.33 
g/ml, is 

M,' = C2RTJeo(c) = 35 000 (26) 0.4~ 
These values of (Je0)- and M,' are in slightly better 

agreement with observations in other narrow distribution 
polymers than those deducedlO from the earlier data24-26 
( (Je0) -  = 1.4 X cm2/dyn; M,/ = 60 000). For example, 
the product (Je0),G~O is a measure of the breadth of the 
terminal relaxation spectrum.1° The plateau modulus G# 
is approximately 3.9 X lo6 dyn/cm2 for natural rubber,'l 
giving (Jo0)&~O = 2.46 with the results of this study. This 
value is somewhat lower than values of 2.9-3.5 obtained in 
several other polymers, but in somewhat better agreement 
than the rather high value of 5.46 which was obtained from 
the earlier data.1° If Jeo c: c-2.3 were used to calculate 
(Jeo), ,  the ( J e 0 ) , G ~ O  product would have assumed an even 
smaller value of 1.8. Likewise, the ratio of characteristic 
molecular weights M,'/M, (again using M ,  = 10 000 for 
polyisoprene) is 3.5 from the data reported here, which is 
considerably lower than the value of 6.0 from the earlier 
data but in reasonable accord with values of 2.3-4.2 ob- 
tained for several other polymers.1° 

The molecular weight and concentration dependence of 
Jeo for the branched samples is illustrated in Figure 16 and 
17, together with lines representing the Rouse-Ham equa- 
tions for each of the three structures. The reduction in 
compliance due to branching is evident at  low concentra- 
tions. The molecular weight dependence shows also a clear 
trend toward reduction at  lower molecular weights. How- 
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Figure 14. Reduced compliance as a function of cM, for linear 
polyisoprene. The large open circles are data measured here for 
sample P2 (01, sample P4 (01, and the remaining samples (0). 
The small circles are data obtained on solutions (0) 
and undiluted samples (0 ,b ) .  

163, I 
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Figure 15. Recoverable compliance as a function of concentration 
for linear polyisoprene. The symbols indicate samples P4 (0) and 
P2 (0). The dashed line is the theoretical curve for sample P4 ac- 
cording to the Rouse model. 

ever, a t  high concentrations and molecular weights the 
compliances of the branched polymers are consistently 
higher than their linear counterparts. The nature of the 
concentration dependence (Figure 17) is especially striking 
arid unexpected, since the curves for both branched sam- 
ples show inflections where they cross the curve for linear 
polymers. Similar and even more pronounced inflections 
are seen in the concentration dependence of i.0, discussed 
in the following section. No such inflections are evident in 
the molecular weight dependence (Figure 16). However, the 
data here are not as closely spaced and also more subject to 
scatter due to polydispersity differences among samples. 
Indeed, when the molecular weight dependence is exam- 
ined by plotting JeO vs. g2M (Figure 18), the branched 
polymer behavior llooks simply like a continuation of the 
behavior for low molecular weight linear samples, with the 
approach to a limiting compliance delayed until somewhat 
higher molecular weights are reached. 

\ 
\ 

\ 
\ 

\ 

0.0 I 01 
c ,  gm/ml  

3 

Figure 17. Recoverable compliance vs. concentration for branchzd 
samples of polyisoprene. The four-arm star (0) is sample S6 ( M ,  
= 1 950 000); the six-arm star (0) is sample H3 (a, = 1 446 000). 
The dashed line represents the data for the linear sample P4 (Mw 
= 1 611 000) shown in Figure 15. 

The nonsimple behavior of Jeo in the linear polymers 
somewhat complicates the determination of compliance en- 
hancement factors. Values of rz were determined in two 
ways, one through the use of eq 14 and 15 despite their im- 
precise fit to the data for linear samples, and the other with 
empirical equations which fit the linear results more or less 
faithfully at  the higher concentrations ( c  > 0.07 g/ml): 

cgM < 32 0 0 0 ( 0 . 3 3 / ~ ) ~ . ~  

cgM > 32 0 0 0 ( 0 . 3 3 / ~ ) ~ . ~  

Values of r2 by the former method were determined by 
plotting JeoRT/0.4g2M vs. l/gc2M (a rearranged version of 
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Figure 18. Recoverable compliance vs. g2&fW for linear and 
branched polyisoprenes. The symbols have the same meaning as in 
Figure 9; the Rouse-Ham theory for c = 0.33 g/ml is indicated by 
the dashed line. 
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Figure 20. The product +OqOJen vs. cMw for branched polyiso- 
prene. The dashed line is the mean value of the product for linear 
polyisoprene. The symbols.have the same meaning as in Figure 11. 
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Figure 19. The product ToqOJen vs. cMw for linear polyisoprene. 
The symbols have the same meaning as in Figure 14. 

eq 15) and evaluating (Jeo)calcd for each branched sample 
from the locus of points defined by the linear samples. 
Values of r2 by the latter method were determined from 
(Je0)c&d, which were computed directly from eq 27 and 28. 
Theoretical values of g and g2 were used in both cases. The 
differences in F2 from the two methods are not large. The 
trend toward increased rz values with increasing concen- 
tration and molecular weight is apparent in Table 111. 

C. Characteristic Shear Rate i.0. The product +0vOJeo 
for the linear polymers is shown as a function of cM in Fig- 
ure 19. No particular trend with either molecular weight or 
concentration is apparent. The mean and standard devia- 
tion of the values are 

(+OvOJeO)Linear = 0.483 f 0.093 (18 solutions) (29) 

which falls within the range observed for other linear poly- 
mers.1° 

Figure 20 compares +OqOJeo for the branched polymers 
with the mean for the linear polymers. There may be some 
small systematic variation here, with perhaps a broad max- 
imum at intermediate values of cM. However, the means 
and standard deviations are similar to those for the linear 
polymers: 

(+0q)Je0)4-branch = 0.456 f 0.114 (14 solutions) (30) 

(+OqOJeO)&branch = 0.458 f 0.115 (12 solutions) (31) 

Thus, if there are differences due to branching, they are 
not large. 

The product ~ O + O  may be regarded as a kind of a charac- 
teristic shear stress 00, separating the Newtonian and 
power law regions. Branched systems which show enhanced 

c ,  g m / m l  

Figure 21. The quantity 1/+0qo vs. concentration for linear poly- 
isoprene. The symbols have the same meaning as in Figure 15. 

values of Jeo must therefore have reduced values of 'TO. 

Thus, shear rate dependence in the viscosity begins at 
lower steady state stresses in branched polymers with en- 
hanced compliances than in comparable linear polymers. 

The difficulties in estimating Jeo from the normal stress, 
particularly for branched samples, were noted earlier. Cer- 
tain anomalies in the concentration dependence of Jeo for 
both the linear (Figure 15) and branched (Figure 17) sam- 
ples were also pointed out. It is therefore worthwhile to ex- 
amine the concentration dependence of the product +os0 
since its behavior is clearly related to Jeo, and yet it is ob- 
tained from the shear stress measurement rather than the 
normal stress. 

If the product +OvOJeo is taken to be literally constant, 
the concentration dependence of l/+ovo should parallel 
that of Jeo, and any peculiarities in Jeo vs. c should be re- 
flected by l/+ovo vs. c also. Figure 21 shows the behavior 
for linear polymers. Departures from c - ~  dependence are 
present, but they are somewhat smaller than observed for 
Jeo (Figure 15). I t  also appears that c - ~  dependence ex- 
tends over a reasonable range at  high concentrations. We 
take this as further justification of our earlier assumption 
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Figure 22. The quantity l / y o ~ o  vs. concentration for branched 
samples of polyisoprene. The symbols have the same meaning as in 
Figure I!. The dashed line represents the data for the linear sam- 
ple P4 ( M ,  = 1 611 000) shown in Figure 21. 

of c-2 behavior to estimate (Je0)- for undiluted polyiso- 
prene. Figure 22 shows the concentration dependence of 
l/j.Ovo for branched polymers. If anything, the inflections 
near the curve for linear polymers are even more pro- 
nounced than in Jeo vs. c (Figure 17). We conclude there- 
fore that the inflections are real and not artifacts of some 
systematic error in estimating Jeo from the normal stress 
measurements. 

An enhancement factor for l / ; /oq~ can be evaluated, fol- 
lowing the procedures used for vo and Jeo: 

r3 = ( l/i'OllO)obsd/(l/;/O~O)calcd (32) 

Aside from a small systematic departure due to the anoma- 
lous concentration dependence, data on the linear samples 
were found to obey eq 12 and 13 fairly well with l/;/oqo in 
place of Jeo and a taken to be 1.03. Thus, (1/+0?7)70)calcd was 
evaluated for branched samples from equations paralleling 
eq 14 and 15: 

l/j.oao = 1.03gzM/cRT cgM < pM,' (33) 

l/j.07)0 = 1.03 g2M - ( - PM,') cgM > pM,' (34) cRT cgM 
Values of r3 so obtained are given in Table 111. They are of 
course similar in magnitude to the corresponding values of 
r2. They will be discussed together with rl and rz in the 
following section. 

IV. Discussion 
A. Enhancement of Viscosity. Berry and Foxza have 

suggested an empirical expression for the enhancement fac- 
tor rl in undiluted polymers. For f-arm stars their equa- 
tion reduces to 

In rl = 2.16(1 - g )  
(35) 

l n r l = O  M b < M c  

The natural generallization for highly concentrated solu- 
tions is 

i 
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Figure 23. Viscosity enhancement in star-branched polyisoprene 
and polybutadiene plotted according to the Berry-Fox relation. 
Polyisoprene data are indicated by the open symbols, with the 
same meanings as in Figure 11. The polybutadiene data of Kraus 
and GruverZbJg are indicated by filled symbols: undiluted three- 
arm stars (A), the same four-arm star sample both in solution and 
undiluted (I), and undiluted four-arm stars (u). 

In rl = 2.16(1 - g )  [-:E, - - '1 cM>fpMc (36) 

In rl = 0 cM 4 fpMc 

Figure 23 shows the experimental values of I'l plotted ac- 
cording to this expression, with M ,  taken to be 10 000 for 
linear polyisoprene and c/p equal to the volume fraction of 
polymer a. On the same figure are the data of Kraus and 
Gruver on three-star and four-star polybutadienes ( M ,  = 
5900), both undilutedlg and in concentrated solutions.2 
Viewed in this way, there are clearly some rather sizable 
differences in enhancement magnitude between the two 
polymers, and smaller but nevertheless discernable differ- 
ences among the various samples of each. 

Other published data for equal-arm stars in which the 
linear polymer rheology is well established are those on un- 
diluted four-arm polystyrene5 ( M ,  = 33 000) and solutions 
of four- and six-arm polystyrene in diethylbenzene.8 Ac- 
cording to eq 24 the concentrations were too low to produce 
enhancement in the Utracki-Roovers study,8 and indeed 
those data correlated very well in terms of the reduction in 
size alone. On the other hand, viscosity enhancement 
should have been observable in the highest molecular 
weight samples used by Onogi and coworkers5 (aw 
600000). In fact, very little enhancement, if any, was 
found, so eq 23 and 24 seem unfortunately to be of some- 
what limited generality. 

In summary, the viscosity data presented here show en- 
hancements due to branching which are qualitatively simi- 
lar to those of polybutadiene and poly(viny1 acetate).2a 
That is, the viscosity begins to exceed the viscosity for lin- 
ear chains of the same radius when the branches them- 
selves are long enough to be involved in several entangle- 
ments @Mb/M, > 1, @ being the volume fraction of poly- 
mer c / p .  The magnitude of enhancement differs however 
between star-branched polybutadiene and polyisoprene a t  
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the same entanglement density. Moreover, even among 
branched polyisoprenes with the same number of arms, the 
molecular weight and concentration dependences of en- 
hancement are somewhat different. The combined variable 
@Mb’/M, is insufficient for correlation because enhance- 
ment grows more rapidly with volume fraction @ a t  con- 
stant branch length Mb than with branch length a t  con- 
stant volume fraction. 

The conventional ways of looking a t  entanglement ef- 
fects in linear chains appear inadequate for explaining an 
additional enhancement due to branching. Bueche14 and 
Graessleyz3 visualize a resistance to flow in entangled linear 
chains as that arising from the additional systematic mo- 
tions required of chains in order to pass around obstacles in 
their environs, such as the backbone contours of neigh- 
boring chains, rather than diffusing through them as a par- 
ticle cloud. One could extend this picture to branched 
chains by postulating that, for - sufficiently complex 
branched molecules, the entanglements involving portions 
of the molecules between branching nodes might present 
unusually high resistances, since the passage of a branching 
node around such an internal strand would likely require a 
much greater degree of cooperativity than in the case of an 
unbranched chain. 

However, star molecules contain only one node, so slippage 
in this case need involve only extra motions for linear 
strands (the arms). 

One would therefore expect very little enhancement in star 
molecules, or at  least a substantially smaller effect in stars 
than combs, since only the latter have more than one node. 
However, enhancement seems roughly similar for both 
types of structure when compared a t  the same entangle- 
ment density for the branches.2a Thus, reasoning based on 
a simple slippage process must be in error. 

DeGennesz8 has examined theoretically the diffusion of 
flexible random coils in a medium filled with loop-like ob- 
stacles. The chain is hemmed in by the obstacles, so to 
speak, which define a kind of tunnel along the chain con- 
tour. Diffusion is imagined to take place by a series of ran- 
dom, inching displacements along the tunnel, called repta- 
tion. As the chain diffuses out of its tunnel, established by 
its contour configuration a t  some initial time, it continually 
creates a new tunnel and thereby acquires a new configura- 
tion, defined by the path it happens to choose as it moves 
among the surrounding obstacles. 

% i  

The configuration renewal time, or configurational relaxa- 
tion time, is therefore of the order of the average time re- 
quired for the chain to create an entirely new tunnel for it- 
self by reptating diffusion. The picture is meant to apply to 
a permanent network and to the motion of a chain per- 
meating but not connected to the network. Edwards and 
Grant29 suggest in fact that in entangled systems without 
cross-links one really should consider the cooperative diffu- 
sion of chain and tunnel. Indeed, in nonentangled systems, 
tunnel diffusion becomes nothing more than diffusion of 
the entire chain as a particle cloud, the situation in dilute 
solutions. 

Leaving aside any detailed considerations for the mo- 
ment, it  seems clear that the presence of long branches 
must drastically reduce the translational diffusion coeffi- 
cient in reptating chains. 

The reptating motion that allows a net translation of linear 
chains along an entanglement tunnel would seem to be ren- 
dered essentially ineffective by even one sufficiently long 
branch, and the translational diffusion coefficient of the 
center of gravity should be correspondingly reduced. To be 
sure, allowing the tunnel itself to diffuse in entangled but 
not cross-linked systems would provide some additional 
mobility. However, if the tunnel were itself composed of 
chains with immobilizing branches, then it seems likely 
that even the tunnel mobility would be small. Hence, com- 
pared to linear molecules, the net translational mobility of 
branched molecules in an environment of other branched 
molecules will be greatly reduced, and, by inference, the 
macroscopic viscosity will be correspondingly in~reased.3~ 

In summary, taking a viewpoint which combines the rep- 
tating chainz8 and diffusing tunnel29 suggestions, we can 
begin to understand qualitatively a reduction in large-scale 
molecular mobility, and presumably a corresponding in- 
crease in macroscopic viscosity, caused by long branches in 
entangled systems. Even one branching node in a molecule, 
if a t  least three of the strands emanating from it are long 
enough to entangle, would obviate or at  least greatly reduce 
the efficiency of one translation mechanism always avail- 
able to a linear chain, namely diffusion along its own con- 
tour. If the molecules surrounding a branched molecule are 
linear, i.e., if the system contains only a relatively low con- 
centration of branched molecules, then a net translation 
might still occur, but a t  a somewhat reduced rate, by tun- 
nel diffusion. On the other hand, if most molecules are 
branched, then even tunnel diffusion would be inhibited 
and translational mobility reduced still further. 

These comments are not meant to imply that 70 should 
approach infinity at some finite branch length or entangle- 
ment density. Paths for translation, however tortuous, 
must of course always be available in the absence of a per- 
manent network structure. However, if branched chains are 
denied a large portion of the translation paths available to 
entangled linear chains (the latter already displaying a 
greatly reduced mobility), then relaxation time and zero- 
shear viscosity could easily attain levels which are too large 
to measure by the usual methods. 

We noted earlier that the entanglement density of the 
branch, characterized by @Mb/M,, was insufficient for cor- 
relating both concentration and chain length effects on the 
viscosity enhancement rl. However, the modified product 
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(@Mb/Mc)@5/6 seems not only to unify the rl data on four- 
branch polyisoprene, but also to bring these data into 
somewhat better accord with the Kraus-Gruver data on 
branched polybutadiene. We were led to the additional @5/6 

factor by an analogy with ordinary diffusion and the con- 
jecture that enhancement depends on the geometry of the 
side tunnel alone. We assume in the following discussion 
that the molecular weight between entanglements is the 
same for linear and branched chains a t  the same total poly- 
mer concentration, i.e., that the plateau modulus GNO is the 
same for branched and linear chains. 

The rate of diffusion a t  steady state through a long tube 
is proportional to AIL, A being the cross-sectional area of 
the tube and L its length. Suppose the translation of a 
branched molecule proceeds by a sequence of small dis- 
placements of its center of gravity, involving for each dis- 
placement the diffusion of the branches into entirely new 
side tunnels. Suppose further that, besides the many vari- 
ables which affect diffusion of linear and branched mole- 
cules similarly, the translation rate of branched molecules 
will depend also on the geometrical factor AIL of the side 
tunnel. 

The tunnel cross section depends on the total concentra- 
tion of entanglemenk in the system. The average number 
of entanglement points per molecule in a monodisperse 
system is M / ( M e ) s o ~ n  = @M/M,, in which M e  is the molecu- 
lar weight between entanglements in the undiluted poly- 
mer. The number of entanglement junctions per unit vol- 
ume is therefore 112(cN,IM)(@MIMe) = P @ ~ N , / ~ M , ,  in 
which N ,  is Avagadro's number. The average distance in 
space between entanglements is then (2Me/p@2Na)1/3, so 
the cross-sectional area of the tunnel, defined by the spa- 
tial density of entanglement junctions, is of the order of 

A = (2Me/p@2Na)2/3 (37) 

The effective tunnel length depends on the number of 
entanglements along the branch, which is Eb = @Mb/Me. 
The average distance between successive entanglement 
points Re is simply the root-mean-square end-to-end dis- 
tance of a linear strand with molecular weight (Me)soln or 
(R2/M)1/2(Mel@)1/2,  in which R2/M is the characteristic 
ratio for linear chains of the polymer in question. The ef- 
fective tunnel length, or total path leading around Eb junc- 
tion points, is then 

The ratio L / A  wil.1 be called the side tunnel impedence 
V. With R 2  replaced by 6S2 for random coils, the expres- 
sion for V becomes 

@5/661 /2p2 /3  Na2/3( S2/M) 1/2 v =  (%) ( 22/3Me1/6 ) (39) 

From this, the nondimensional correlating variable (@Mb/ 
Mc)@5/6 may be extracted, leaving, aside from numerical 
factors of order unity, a specific topological impedence Z 
for side tunnels 

2/3 Na2f3(  S 2 / M )  l f 2  ( Mc/Me)7/6 z=!L (40) Mc1/6 
and 

Values of Z ,  calculated from the data in Table I of ref 2a, 
and with M J M ,  = 2,1° are given in Table IV for several 
common polymers. 

Table IV 
Specific Topological Impedences for Branch Points in 

Various Polymers 

Polymer M c  2, 8-1 
Polystyrene 32 000 0.0780 
Poly( vinyl acetate ) 24 500 0.0794 
Polyisoprene 10 000 0.103 
Polybutadiene 5 900 0.128 
Polyethylene 3 800 0.143 

1 c 

Figure 24. Viscosity enhancement in four-arm star polyisoprene 
and polybutadiene as a function of the tunnel parameter. The 
meaning of the symbols is the same as in Figure 23. 

Figure 24 shows rl for four-branch polyisoprene and 
polybutadiene as a function of (@Mb/Mc)@5/6. The agree- 
ment between the two polymers is remarkably good. How- 
ever, if one accepts the values of Z in Table IV, and plots 

vs. V, the results for polybutadiene would lie slightly to 
the right of those for polyisoprene. Also, a detailed exami- 
nation of the behavior for both polyisoprene and polybuta- 
diene suggests that the a5l6 factor confers too strong a de- 
pendence on concentration. If is replaced by @If2 and 
I'l is plotted as a function of Z@1/2(@Mb/Mc),  the concen- 
tration and molecular weight dependences for each poly- 
mer are in somewhat better accord, and the agreement be- 
tween polyisoprene and polybutadiene still remains quite 
good. 

Figure 25 shows rl as a function of (@MI,/M,)@~/~ for 
three-branch polybutadiene and six-branch polyisoprene 
with a line indicating the locus of data on the four-branch 
polymers from Figure 24. The dependence on branching 
frequency is roughly as might be expected from the previ- 
ous discussion, namely that the major contribution occurs 
with three-branch stars. The effect of additional branches 
progressively diminishes, with finally relative little effect 
on going from four-stars to six-stars. Comparisons in terms 
of the variable Z@1f2(@Mb/Mc) lead to the same conclu- 
sions. Finally, we note again that polystyrene stars do not 



140 Graessley et al. Macromolecules 

I A mot 
/ 

/ 
4 BRANCH 7 

40 I 

/ 

- 3 BRANCH 

Figure 25. Viscosity enhancement in star polyisoprenes and poly- 
butadienes with different numbers of arms. The meaning of the 
symbols is the same as it is in Figure 23. 
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Figure 26. Enhancement of l/;/oqo in branched polyisoprenes. The 
symbols are the same as in Figure 11. The dashed line is the viscos- 
ity enhancement for four-arm and six-arm polyisoprenes as in Fig- 
ure 25. 

show viscosity enhancements in the same range of 
@I6( @Mb/M,) values as polyisoprene and polybutadiene. 
This behavior may stem from the unusually small specific 
topological impedence 2 for polystyrene (Table IV), re- 
quiring somewhat larger entanglement densities to produce 
enhancement. 

B. Enhancement of Compliance and Characteristic 
Time Constant. Figures 26 and 27 show r3 and P2 respec- 
tively as functions of @.j16(@Mb/M,) for polyisoprene. As in 
the case of rl, the differences between four-star and six- 
star samples are small. Also a somewhat better reduction of 
concentration and molecular weight dependences to a sin- 
gle curve would probably be obtained with @1'2(@MbIMc), 
as the independent variable. The experimental scatter is 
smaller in the case of r3, which also shows a monotonic in- 

P 
,e , 

---- 
c 

r3 Q 

516 d M 
+ (+ 

Figure 27. Enhancement in JeO in branched polyisoprenes. The 
symbols are the same as in Figure 11. The corresponding enhance- 
ments in viscosity and l/;/000 for four-arm and six-arm polyiso- 
prenes are indicated by the dashed lines. 

crease with concentration and molecular weight. The ap- 
parent maximum in I'z may possibly indicate an underesti- 
mation of Jeo in the branched samples of highest concen- 
tration and molecular weight. The initial rise in both r2 
and I'3 begins a t  smaller values of @5/6(@Mb/M,) and is rel- 
atively more abrupt than in the case of rl. However, the 
values finally increase much less rapidly than rl, suggest- 
ing perhaps the approach to some limiting value. I t  is inter- 
esting that the prominent inflections in the concentration 
dependence of Jeo and l lqoyo for the branched polymers 
(Figures 17 and 22) are not at  all apparent in the rz and r3 
behavior; both depend smoothly on the parameter 
a5I6(aMb/Mc). 

In highly entangled polymers the viscosity qo, steady- 
state compliance Jeo, and plateau modulus G~JO are related 
to the number-and-weight average relaxation times of the 
terminal (post-plateau) relaxation spectrum H ( ~ ) : 1 0  1: T H ( T )  d jn T 

1: H ( T )  d In T 

qo/GNo = ( 7 ) n  (42) 

J T H ( T )  d In  T 
-m 

(43) 

and 
JeoGNO = ( T ) w / ( T ) n  (44) 

Measurements on linear and branched polystyrenes indi- 
cate that GNO is practically unaffected by b r a n ~ h i n g . ~  
Thus, the mean relaxation time and relaxation time dis- 
persity of branched polymers in the terminal region, rela- 
tive to linear polymers of the same molecular weight and 
concentration, can be expressed in terms of the enhance- 
ment factors 

(45) ( (  7)n)branched = r1g3'5(( 7)n)linear 

( (  T)w/ (  7)n)branched = r&(( 7 )  w/(T)n)linear (46) 
Enhancement of viscosity thus corresponds to an increase 
in the mean relaxation time of the terminal spectrum, 
while enhancement in compliance corresponds to a broad- 
ening of the terminal spectrum. 
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Attempts were made to relate rl and r 2  by postulating 
that a new set of relaxations at  long times are generated by 
the presence of branching, and then searching for a suitable 
mixing rule (analogous to the treatment of the effects of 
molecular weight distribution” on qo and Jeo). These at- 
tempts were unsuccessful; we never found it possible to 
predict the observed rapid rise in Jeo prior to or simulta- 
neous with the rise in qo. We conclude tentatively that the 
terminal spectrum broadens and shifts to  longer times 
more or less simultaneously, and that the behavior cannot 
be explained simply hy the development of a separate pop- 
ulation of long-time relaxations alone. Finally, the results 
on branched  polystyrene^,^,^ showing large values of r 2  
while rl remains near unity, suggest that viscosity and 
compliance enhancements need not always appear in the 
same relationship with one another. This characteristic and 
indeed the apparently unpredictable effects of branching 
on the temperature coefficient of viscosity3° imply a dis- 
concerting individuality among polymers in their response 
t o  branching. 

The effect of branching on shear-rate dependence of vis- 
cosity deserves further comment. When I’3 is large, the 

. onset of shear rate dependence is displaced to lower shear 
rates, compared to the behavior of linear polymers of the 
same molecular weight, or even of the same zero-shear vis- 
cosity. On the other hand, the results here and the data of 
Kraus and Gruver on polybutadieneZbJg suggest that the 
form of the viscosity master curve is not much affected by 
branching. A family of q-? curves for narrow distribution 
linear polymers of various molecular weights tend to merge 
into a single curve a t  high shear rates.1° The q-? behavior 
a t  high shear rates for a branched polymer in the enhance- 
ment region will lie below this curve. Thus, a branched 
polymer in the enhancement region will display a higher 
viscosity a t  low shear rates than a linear polymer with the 
same radius of gyration, but will cross the linear q-9 curve 
a t  intermediate shear rates and then continue to remain 
below the linear cuxve a t  high shear rates. Indications of 
such behavior can be seen in Figure 4. 
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